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1
$k$ 2 , $C^{+}(k)$ ideal . , $C^{+}(k)$ 4-rank
$r_{4}^{+}(k)$
$r_{4}^{+}(k)=\dim_{\mathrm{Z}/2}\mathrm{Z}c^{+}(k)_{2}\cap C^{+}(k)^{2}=\dim_{\mathrm{Z}/2}2\mathrm{z}^{c(}\mp_{k})\cap C^{\mp}(k)^{2}$
. , $C^{+}(k)_{2}=\{c\in C^{+}(k)|c^{2}=1\}$ , $C\mp(k)$ $C^{+}(k)$
. , $r_{4}^{+}(k)$ 2 criteria
$(\mathrm{R}\acute{\mathrm{e}}\mathrm{d}\mathrm{e}\mathrm{i}- \mathrm{R}\mathrm{e}\mathrm{i}_{\mathrm{C}\mathrm{h}}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{t}[8], \mathrm{R}\acute{\mathrm{e}}\mathrm{d}\mathrm{e}\mathrm{i}[7])$ . $2$ $\text{ }$ cliteria Hilbert
, $m(>1)$ , $r_{4}^{+}(\mathrm{Q}(\sqrt{m}))$




( $\mathrm{D}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{y}-\mathrm{p}\mathrm{a}\mathrm{y}a\mathrm{n}[1],$ $\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}[2]$ , Oriat[6], $\mathrm{H}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}-\mathrm{K}\mathrm{o}\mathrm{c}\mathrm{h}[3]$ ) . ,
, ,
.
2 4-rank 2 criteria
$d\in \mathrm{Z}$ , $d=1$ $d$ 2 , .
$P$ , 1 $p^{*}=(-1)^{\mathrm{r}_{\frac{-1}{2}}}p$ ($p$ : ), $-4,8,$ $-8(p=2)$
.
$d(\neq 1)$ , $k:=\mathrm{Q}(\sqrt{d})$ . $d_{1},$ $d_{2}$ $d=d_{1}d_{2}$ ,
$\{d_{1}, d_{2}\}(=\{d_{2}, d_{1}\})$ , $S(k)$ d- . $m,$ $n(\neq 0)\in \mathrm{Z}$
, $mon=mn/(m, n)^{2}$ , $\{d_{1}, d_{2}\},$ $\{e_{1}, e_{2}\}\in S(k)$ ,
$\{d_{1}, d_{2}\}\cdot\{e_{1}, e_{2}\}=\{d_{1}\circ e_{1}, d1\mathrm{o}e2\}$ ( $d_{1^{\mathrm{O}e}2}=d_{2}\mathrm{o}e_{1}$ )
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, $S(k)$ elementary abel 2- . $\{d_{1}, d_{2}\}\in S(k)$ , $k$
2 $\mathrm{Q}(\sqrt{d_{1}}, \sqrt{d_{2}})$ , $\dim_{\mathrm{Z}/2\mathrm{Z}}s(k)$ $C^{+}(k)$ 2-rank $r_{2}^{+}(k)$
.
$D$ , $\backslash (n, D)=1$ , $( \frac{D}{n})$ Kronecker , $p$ $\infty$
, $a,$ $b\in \mathrm{Q}^{\mathrm{x}}$ , $( \frac{a,b}{p})$ Hilbert . $\{d_{1}, d_{2}\}\in S(k)$ 2
,
$( \frac{d_{2}}{p})=1(\forall p|d_{1})$ $( \frac{d_{1}}{q})=1(\forall q|d_{2})$
. , Hilbert
$( \frac{d_{1},d_{2}}{p})(=(\frac{d_{1},-d}{p}))=1$ $(\forall p)$
( $4||d$ , $d_{1}\equiv 1$ (mod 8) $d_{2}\equiv 1$ (mod 8))
. , $\{d_{1}, d_{2}\}$ 2 , $d_{1}>0$ $d_{2}>0$ .
$S_{2}(k)$ 2 d- $S(k)$ .
Redei-Reichardt $\mathrm{C}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{0}\mathrm{n}[8,5]$ : $\{d_{1}, d_{2}\}\in S(k)$ ,
$\chi_{\{\}}d_{1},d_{2}=(^{\underline{d_{1}}}.)_{2}(=(^{\underline{d_{2}}}.)_{2})$ ( $k$ ) $\in C\mp(k)_{2}$
,
$x_{\{d_{1},d_{2}}\}\in C\mp(k)^{2}\Leftrightarrow\{d_{1}, d_{2}\}\in S_{2}(k)$ .
,
$\rho$ : $S_{2}(k)arrow C\mp(k)_{2}\cap C^{\mp}(k)^{2}$ , $\rho(\{d_{1,2}d\})=\chi_{\mathrm{t}}d_{1},d2\}$
, $r_{4}^{+}(k)=\dim_{\mathrm{Z}}/2\mathrm{z}^{s_{2}()}k$ .
. $d=p_{1}^{*}\cdots p_{t}^{*}$ $d$ , $k$ ( ) $=\mathrm{p}_{i}^{2}(i=1, \cdots, t)$
. , $C^{+}(k)_{2}=\langle c^{+}(\mathrm{P}_{1}), \cdots, C+(\mathrm{p}_{t})\rangle$ ( , $k$ ideal $a$ , $c^{+}(\alpha)$ $a$
ideal ) , $c^{+}(\mathrm{p}_{1}),$ $\cdots,$ $c(+\mathrm{p}_{t})$ 1 $\text{ }$
.
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$\chi_{\{d_{1},d_{2}}\}\in C\mp(k)^{2}$ $\Leftrightarrow$ $\chi_{\{d_{1},d_{2}}\}(c+(k)_{2})=1$
$\Leftrightarrow$ $\chi_{\{d_{1},d_{2}}\}(\mathrm{P}_{i})==1(i=1, \cdots, t)$
$\Leftrightarrow$ $\{d_{1}, d_{2}\}\in S_{2}(k)$ .
$d$ $Q$ $D(k)$ . $Q_{1},$ $Q_{2}\in D(k)$
, $Q_{1}\mathrm{o}Q_{2}$ , $D(k)$ elementary abel 2- . $Q\in D(k)$
, $k$ $(Q)=5\supset^{2}$ , $D(k)\ni Q-c^{+}(s\supset)\in C^{+}(k)_{2}$
, kernel $=2$ . $r_{2}^{+}(k)=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{z}_{/}2\mathrm{z}D(k)-1=t-1$ . $n(\neq 0)\in \mathrm{Z}$
, $[n]\in \mathrm{Z}$ $n=[n.].a^{2},$ $a\in \mathrm{Z},$ $[n]$ . $Q\in D(k)$
, $Q’:=[Qd]$ . $Q$ $\mathrm{d}$-null divisor , $Qx^{2}-Q^{\prime 2}y-z=02$
.
$( \frac{Q,-Q’}{p})(=(\frac{Q,d}{p}))=1$ $(\forall p)$
. $D_{n}(k)$ d-null divisors $D(k)$ .
R\’edei’s $\mathbb{C}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{o}\mathrm{n}}[7]$: $Q\in D(k)$ $k$ $(Q)=5\supset^{2}$ ,
$c^{+}(5\supset)\in C+(k)^{2}\Leftrightarrow Q\in D_{n}(k)$ .
$\mu$ : $D_{n}(k)arrow C^{+}(k)_{2}\cap C^{+}(k)^{2}$ , $\mu(Q)=c^{+}(s\supset)$
, $|\mathrm{K}\mathrm{e}\mathrm{r}\mu|=2$ . , $r_{4}^{+}(k)=\dim_{\mathrm{Z}\mathrm{Z}}D/2n(k)-1$ .
. Waterhouse [10], Hasse [4] . $\chi_{i}(c^{+}(\mathfrak{a}))$ $:=$
$( \frac{Na,d}{p_{i}})(i=1, \cdots, t)$ , $c\mp_{k}()_{2}=\langle\chi_{1}, \cdots, \chi_{t}\rangle$ , $\chi_{1},$ $\cdots,$ $\chi t$
$x1\ldots xt=1$ ( ) 1 .
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$C^{+}(5\supset)\in C^{+}(k)^{2}$ $\Leftrightarrow$ $( \frac{Ns\supset,d}{p_{i}})=1$ $(i=1, \cdots, t)$
$\Leftrightarrow$ $( \frac{Q,-Q’}{p_{i}})=1$ $(i=1, \cdots, t)$
$\Leftrightarrow$ $Q\in D_{n}(k)$ .
, $d<0_{\mathrm{t}}.\text{ }$ $-Q’..\cdot,>0-$
$Q\in D_{n}(k)\Leftrightarrow-Q’\in D_{n}(k)$ .
$:i$
, $<Q_{r}\neg Q’.>\mathfrak{j}$ $(=.<.-Q’..’ Q>)$ d-null pair , . $\text{ _{ } }\overline{D}_{n}(k)$
. $\overline{D}_{n}(k)$ , $<Q_{1},$ $-Q_{1}’>\cdot<Q_{2},$ $-Q_{2}’>=<Q_{1}\mathrm{o}\dot{Q}_{2},$ $-(Q_{1^{\mathrm{O}}}Q_{2})’>$
elementary abel 2-ffi $\text{ }$
. $i$ ,
$\overline{\mu}:\overline{D}_{n}(k)\ni<.Q,.-.Q’i>-_{t}.c^{+}(1.5\supset).\in c^{+}(k)_{2}\cap C^{+}(k)^{2}$
. , $r_{4}^{+}(k)=\dim_{\mathrm{Z}/2}\mathrm{Z}^{\overline{D}_{n}()}k$ .
$\iota$ .
2 criteria , $r_{4}^{+}(k)$ $\mathrm{Z}/2\mathrm{Z}$ rank
$(\mathrm{R}\acute{\mathrm{e}}\mathrm{d}\mathrm{e}\mathrm{i}[7])$ . $\ovalbox{\tt\small REJECT}\backslash$ , $( \frac{D}{n})=(-1)^{a},$ $a\in \mathrm{Z}/2\mathrm{Z}\text{ },$ $a=( \frac{D}{n})’$ $\langle$ . $\mathrm{Z}/2\mathrm{Z}$
$t$ $A_{k}=(a_{ij})$
$.\downarrow$ . . $\cdot$
$-$






. $A_{k}$ . $1=(1, \cdots, 1)\in(\mathrm{Z}/2\mathrm{Z})^{t}$
$\langle$ .
: $\ovalbox{\tt\small REJECT}$ $\neg$ 2-. .
$\theta$ : $S_{2}(k)arrow\{x\in(\mathrm{Z}/2\mathrm{z})^{t}|xA_{k}=0\}/\{0,1\}$
$\ovalbox{\tt\small REJECT}$








$r_{4}^{+}(k)=\dim_{\mathrm{Z}/2\mathrm{Z}}S_{2}(k)=t-1-$ rank $A_{k}$ .
$-$ , $A_{k}$ $t$ $(t-1)\cross t$ $A_{k}’$ ,
,








$Q\in D(k)$ , $y_{Q}={}^{t}(y_{1}, \cdots, y_{t})\in(\mathrm{Z}/2\mathrm{Z})^{t}$
$y_{i}=\{$
1 $(p_{i}|Q)$
$0$ $(p_{i} \int Q)$




$( \frac{Q}{p})=1$ $(\forall p(\neq pt)|Q’)$ ,
$\backslash (\frac{2p\frac{d}{\mathrm{p}^{*}}}{p}.)=1$ $(\forall p\mathrm{t}\neq pt)|Q)$
$\Leftrightarrow$ $( \frac{Q,-Q’}{p})=1$ $(\forall p(.\neq p_{t})|d)$
$\Leftrightarrow$ $Q\in D_{n}(k)$ .
$\theta’$ : $D_{n}(k)arrow\{y\in(\mathrm{Z}/2\mathrm{Z})^{t}|A_{k}’y=0\}$ , $\theta’(Q)=y_{Q}$
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,$r_{4}^{+}(k)=\dim_{\mathrm{Z}\mathrm{Z}}D/2n(k)-1=t-1-$ rank $A_{k}$ .
3 4-ranks
$a\in \mathrm{Z}$ , $d(a)$ $\mathrm{Q}(\sqrt{a})$ . , $r_{4}^{+}(a)=r^{+}4(\mathrm{Q}(Ja\gamma),$ $A_{a}=$
$A_{\mathrm{Q}(\sqrt{a})},$ $S_{2}(a)=S_{2}(\mathrm{Q}(\sqrt a\gamma), D_{\dot{n}}(a)=D_{n}(\mathrm{Q}(\sqrt a\gamma), \overline{D}_{n}(a)=\overline{D}_{n}(\mathrm{Q}(\sqrt{a}))$ .
$m(>1)$ 1 , .
1 . $\varphi$ : $S_{2}(m)\ni\{d_{1}, d_{2}\}-<[d_{1}],$ $[d_{2}]>\in\overline{D}_{n}(-m)$ .
, $r_{4}^{+}(m)\leq r_{4}^{+}(-m)$ .
. $\{d_{1}, d_{2}\}\in S_{2}(m)$ , $d_{1}>0,$ $d_{2}>0$ . , $[d_{1}]\in D(-m)$ ,
$-[d_{1}]’=-[d_{1}\cdot d(-m)]=[d_{2}]$ .
$( \frac{[d_{1}],-[d1]’}{p})=(\frac{[d_{1}],[d_{2}]}{p})=1$ $(\forall p)$ .
, $\varphi$ well-defined. $\varphi$ .
2. $\psi$ : $S_{2}(-m)\ni\{d_{1}, d_{2}\}-[d_{1}]\in D_{n}(m)$ ( , $d_{1}>0$ )
. , $r_{4}^{+}(-m)\leq r_{4}^{+}(m)+1$ .
. $\{d_{1}, d_{2}\}\in S_{2}(-m)$ , $d_{1)}d_{2}$ – . $d_{1}>0$ , $[d_{1}]\in D(m)$
, $-[d_{1}]’=[d_{2}]$ . $\varphi$ , $\psi$ well-defined. $\psi$
. $\square$
1,2 , $(\overline{D}_{n}(-m) : {\rm Im}\varphi)\leq 2,$ $(D_{n}(m) : {\rm Im}\psi)\leq 2$ . $d(m),$ $d(-m)$
.
$\{$
$m\equiv 1$ (mod 4) , $d(m)=p^{**}1\ldots p_{t-}1$ ’ $d(-m)=p_{1}\cdot\cdot p_{t}-1p^{*}*.*t’ p_{t}^{*}=-4$.
$m\equiv 2$ (mod 4) , $d(m)=p*1\ldots p_{t-}1p_{t}^{*}*$ , $d(-m)=p_{1}^{*}\cdots p_{t}^{*}-1(-p_{t}^{*}),$ $p_{t}=2$ .
$m\equiv 3$ (mod 4) , $d(m)=p^{*}1\ldots p_{t}-1p^{*}*t$ , $d(-m)=p_{1}^{*}\cdots p^{*}t-1’ p_{t}^{*}=-4$ .




{ $<Q,$ $-Q’>\in\overline{D}_{n}(-m)|Q:\Leftrightarrow \mathrm{D}$ } ( $m\equiv 1$ (mod 4)),
{ $<Q,$ $-Q’>\in\overline{D}_{n}(-m)|Q\equiv 1$ (mod 4)} ( $m\equiv 2$ (mod 4)),
$\backslash$
{ $<Q,$ $-Q’>\in\overline{D}_{n}(-m)|Q\equiv 1$ (mod 8)} ( $m\equiv 3$ (mod 4)).
(i) $m\equiv 1$ (mod 4) ,
: ‘ $\dot{\mathrm{L}}-$
$r_{4}^{+}(-m)=r_{4}^{+}(m)+1$ $\Leftrightarrow$ $\exists<Q,$ $-Q’>\in\overline{D}_{n}(-m)\mathrm{s}$ .t. $2|Q$
$\Leftrightarrow$ $A_{-m}$ $t$ 1 .
(ii) $m\equiv 2$ (mod 4) , :
$B_{-m}=(( \frac{-1}{p_{1}})’$
. . .
$A_{-m}(’ \frac{-1}{p_{t-1}})^{l}$ $( \frac{-1}{m/2})’)$
,
$r_{4}^{+}(-m)=r_{4}^{+}(m)+1$ $\Leftrightarrow$ $\exists<Q,$ $-Q’>\in\overline{D}_{n}(-m)\mathrm{s}.\mathrm{t}$ . $Q\equiv 3$ (mod 4)
$\Leftrightarrow$ rank $B_{-m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{-m}+1$ .
(iii) $m\equiv 3$ (mod 4) , . $\cdot$




,:. . $\cdot$: $r$.
$..\sim$
. $..$ .
$-(( \frac{2}{p_{1}})’A_{-m}\ldots(\frac{2}{p_{t-1}})’)$ ( $m\equiv\cdot 7$ (mmmod 8)),
.
$\cdot\wedge$





$\exists<\dot{Q},\cdot-Q’>\in\overline{D}_{n}.(-m)\mathrm{S}^{-}.\mathrm{t}$. $Q^{\cdot}\equiv 5^{-}(\mathrm{m}- \mathrm{o}\mathrm{d}8)$
$\Leftrightarrow$ rank $C_{-m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{-m}+1$ .
.; .. .7 $.\backslash \cdot$$-..\mathrm{i}$ ..
$-$ :. ...
$\vee\cdot$ : .
. $\{d_{1}, d_{2}\}‘\in S_{2}(m)$ , $d_{1}\equiv 1$ (mod 4) $d_{2}\equiv 1$ (mod 4). $m$ . $\equiv$
$.3$ (mod 4) $d_{1}.\equiv 1$ (mod 8) $d_{2}\equiv 1$ (mod 8). , $m\equiv 1$ (mod 4)
, $<Q,$$-Q’>’\in\overline{D}_{n}(-m)$ $Q$ , $Q(-Q^{l})=m\equiv 1$ (mod 4)
$( \frac{Q,-Q’}{2})(=(-1)^{\mathrm{L}-\underline{1}}2\frac{-Q^{l}-1}{2})=1$ , $Q\equiv-Q’\equiv 1$ (mod 4) .
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, ${\rm Im}\varphi$ . $r_{4}^{+}(-m)=r_{4}^{+}(m)+1$ ${\rm Im}\varphi\neq\overline{D}_{n}(-m)$
, ${\rm Im}\varphi$ $\exists<Q,$ $-Q’>\in\overline{D}_{n}(-m)\mathrm{s}.\mathrm{t}$ . $\cdot$ . .
. . , .
2. ${\rm Im}\psi$ .
${\rm Im}\psi=$
’
{ $Q\in D_{n}(m)|Q\equiv 1$ (mod 8) X ea $-Q’\equiv 1$ (mod 8)} ( $m\equiv 1$ (mod 4)),
{ $Q\in D_{n}(m)|Q\equiv 1$ (mod 4) X la $-Q’\equiv 1$ (mod 4)} ( $m\equiv 2$ (mod 4)),
$\text{ }$
{ $Q\in D_{n}(m)|Q$ : } ( $m\equiv 3$ (mod 4)).
(i) $m\equiv 1$ (mod 4) ,
$C_{\dot{m}}=‘\{$
($-( \frac{2}{p_{1}})’$ $.A_{m}.$. $( \frac{2}{p_{t-1}})’$ ) ( $m\equiv 1$ (mod 8)),
$(( \frac{-2}{p_{1}})’.A_{m}.$
.
$( \frac{-2}{p_{t-1}})’)$ ( $m—.5$ (mod 8))
,
$r_{4}^{+}(-m)=r_{4}^{+}(.m)..\Leftrightarrow$ $\exists Q\in D_{n}(m)\mathrm{s}.\mathrm{t}$ . $=Q\equiv 5$ .(mo $\mathrm{d}$ $8$ ) $-Q’\equiv 5$ (mod 8)
$\Leftrightarrow$ rank $C_{m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{m}+1$ .
(ii) $m\equiv 2$ (mod 4) ,
$B_{m}=(( \frac{-1}{p_{1}})’$
. . .
$( \frac{-1}{p_{t-1}})’A_{m}$ $( \frac{-1}{m/2}\mathrm{I}’+1)$
,
$r_{4}^{+}(-m)=r(4+m)$ $\Leftrightarrow$ $\exists Q\in D_{n}(m)\mathrm{s}.\mathrm{t}$ . $Q\equiv 3$ (mod 4) $-Q’\equiv 3$ (mod 4)
$\Leftrightarrow$ , rank $B_{m}=$ rank $A_{m}+1$ .
(iii) $m\equiv 3$ (mod 4) ,
$r_{4}^{+}(-m)=r_{4}^{+}(m)$ $\Leftrightarrow$ $\exists Q\in D_{n}(m)\mathrm{s}.\mathrm{t}$ . $2|Q$
$\backslash$
$:-$
$:\Leftrightarrow$ $A_{m}$ $t$ 1 .
. 1 .
141
1. $\varphi,$ $\psi$ $r_{4}^{+}(m)\leq r_{4}^{+}(-m)\leq r_{4}^{+}(m)+1$ $\mathrm{H}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}- \mathrm{K}_{\mathrm{o}\mathrm{C}}\mathrm{h}[3]$
. , 1, 2 $-$ [9]
. [3] $S_{2}(\pm m)\ni\{d_{1}, d_{2}\}-c(s\supset)\in c(\mathrm{Q}(\sqrt{\mp m}))2^{\cap C(}\mathrm{Q}(\sqrt{\mp m}))^{2}$
( , $\mathrm{Q}(\sqrt{\mp m})$ $(d_{1})=s\supset^{2}$ , $c(\mathfrak{Q})$ ideal ,
, $C(\mathrm{Q}(\sqrt{\mp m}))$ $\mathrm{Q}(\sqrt{\mp m})$ ideal ) , [9]
$S_{2}(\pm m)\ni\{d_{1}, d_{2}\}-C^{+}(5\supset)\in C^{+}(\mathrm{Q}(\sqrt{\mp m}))2\cap C+(\mathrm{Q}(\sqrt{\mp m}))2$ .
1. 1,2 . $m\equiv 1$ (mod 4) , $A_{-m}^{*}$ $A_{-m}$ $t$
$t\cross(t-1)$ , $m\equiv 3$ (mod 4) , $A_{m}^{*}$ $A_{m}$ $t$
$t\cross(t-1)$ .
(i) $m\equiv 1$ (mod 4) , rank $A_{m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $A_{-m}^{*}$ , rank $C_{m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{-m}$ .
(ii) $m\equiv 2$ (mod 4) , rank $A_{m}=$ rank $B_{-m}$ , rank $B_{m}=$ rank $A_{-m}+1$ .
(iii) $m\equiv 3$ (mod 4) , rank $A_{m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}C_{-m}+1$ , rank $A_{m}^{*}=$ rank $A_{-m}+1$ .
$\underline{\not\in}2$ . 1 , $r_{4}^{+}(-m)$ $r_{4}^{+}(m)$ . 1 , $A_{\pm m}$
$\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{S}[2]$ .
2. $m>1$ .
(i) $m$ , $p\equiv\pm 1$ (mod 8) ,
$\{$
$r_{4}^{+}(-2m)=r_{4}^{+}(-m)=r_{4}^{+}(m)+1=r_{4}^{+}(2m)$ ( $m\equiv 1$ (mod 8)),
$r_{4}^{+}(-2m)=r_{4}^{+}(-m)+1=r_{4}^{+}(m)+1=r_{4}^{+}(2m)+1$ ( $m\equiv 7$ (mod 8)).
(ii) $m$ , $p\equiv 1$ .3 (mod 8) ,
$\{$
$r_{4}^{+}(-2m)=r_{4}^{+}(m)=r_{4}^{+}(-m)=r_{4}^{+}(2m)$ ( $m\equiv 3$ (mod 8)),
$r_{4}^{+}(-2m)=r_{4}^{+}(m)+1$ , $r_{4}^{+}(2m)=r_{4}^{+}(-m)$ ( $m\equiv 1$ (mod 8)).
. 1, 2 , $A_{\pm m}$ $A_{\pm 2m}$ .







$( \frac{-1}{p_{t-1}})’*(\frac{4m/-4}{2})’]$ $=$ $A_{m}$
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, $r_{4}^{+}(-2m)=r_{4}^{+}(m)$ . , rank $C_{-m}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{-m}$ , 1(\"ui) , $r_{4}^{+}(m)=$
$r_{4}^{+}(-m)$ . ,
$A_{2m}=($ $( \frac{-2}{p_{1}})’A_{-m}\ldots(\frac{-2}{p_{t-1}})’$ $( \frac{8m/-8}{2})’*.)\backslash =$
, rank $A_{2m}=$ rank $A_{-m}+1$ , $r_{4}^{+}(-m)=r^{+}(42m)$ .
$\underline{:\mathrm{a}\mathrm{e}}3$ . 2 $-$ [9] .
[9] , .
$3\sim$ . $l\in \mathrm{N}$ .
(i) $m:=[l(4l^{2}+1)]$ , $m>1$ . ,
$\{$
$\mathit{1}\equiv 1$ (mod 4) , $m\equiv 1$ (mod 4), $r_{4}^{+}(-m)=r_{4}^{+}(m)$ .
$\mathit{1}\equiv 3$ (mod 4) , $m\equiv.3$ (mod 4), $r_{4}^{+}(-m)=r_{4}^{+}(m)+1$ .
(ii) $l>1$ , $m:=[2l( \iota^{2}+1)]=[l\cdot\frac{l^{2}+1}{2}]$ , $m>1$ . ,
$\{$
$l\equiv \mathrm{i}$ (mod 4) $\gamma_{\mathrm{A}}’ I_{Q}’|\mathrm{f}^{\backslash },$ $m\equiv 1$ (mod 4), $r_{4}^{+}(-m)=r_{4}^{+}(m)+1$ .
$\mathit{1}\equiv.3$ (mod 4) , $m\equiv 3$ (mod 4), $r_{4}^{+}(-m)=r_{4}^{+}(m)$ .
(iii) $m:=[2l(l^{2}+2l+4)]$ , $m\equiv 2$ (mod 4), $r_{4}^{+}(-m)=r(4+m)+1$ .
(iv) $m:=[2l(\iota^{2}-2l+4)]$ , $m\equiv 2$ (mod 4), $r_{4}^{+}(-m)=r(4+m)$ .
. (i) $\text{ }l\equiv 1$ (mod 4) . $Q:=[4l^{2}+1]\in D(m)$ , $-Q’=$
$-[l],$ $Q\equiv 5$ (mod 8). , $(4l^{2}+1)-4l=(2l-1)^{2}$ , $Qx^{2}-Q^{\prime 2}y-z^{2}=0$
. , $Q\in D_{n}(m)$ . , 2 (i) , $r_{4}^{+}(-m)=r_{4}^{+}(m)$ .
.
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